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given  i n  P a r t s  I and 11. The nomenclature, f i g u r e s ,  and 
r e f e r e n c e s  are l i s t e d  in the  par t s  i n  which they  are used, so 
t h a t  each par t  can be read wi thou t  r e f e r r i n g  t o  the other p a r t s  
of t h i s  report. However, the same n o t a t i o n  is used throughout.  
, 
, 
SUMMARY 
The present investigation is concerned with the general 
instability of elastic cylindrical shells. Nonlinear finite- 
deflection theory is employed throughout in the analysis. 
The nonlinearity is due to the inclusion of second-order terms 
in the strain-displacement relations. The linear theory is 
the limiting case when the deflection is very small. 
The investigation is divided into five parts. The first 
of these is concerned with the postbuckling behavior of thin 
pressurized cylinders subject to bending or compression. In 
the second part the effects of imperfections of pressurized 
cylinders under compression are considered. The third part 
is concerned with the stability of ring-stiffened cylindrical 
shells under internal pressure and axial compression or 
bending. The fourth part deals with the problem of buckling 
of a ring-stiffened shell subjected to external pressure; and, 
in the fifth, the effect of surface shear on buckling of 
cylindrical shells is observed upon examining the compatibility 
equation and equilibrium equation. 
Solutions for Parts I, 11, and I11 were obtained by 
using the Galerkin method. 
energy was employed in Part IV. Numerical solutions are 
The method of minimum potential 
1 
PART I 
ELASTIC INSTABILITY OF PRESSURIZED CYLINDRTICAL SHELLS 
UNDER COMPRESSION OR BENDING 
Introduction 
The postbuckling behavior of cylindrical shells subject 
to axial compression has been studied by several investigators. 
Donne11 [ 1-11 first derived the governing finite-deflection 
equations; later, in 1941, these equations were used by von Karman 
and Tsien [ 1-21 to obtain an approximate solution to the problem 
of buckling of an axially compressed cylinder into a diamond- 
shaped buckle pattern. Further investigation was made by 
Kempner [I-31 
deflection function proposed in [ 1-21 . Several variations 
who used an additional parameter in the buckling 
of these analyses have been proposed by other investigators. 
The increase in stability of internally pressurized 
cylindrical shells subject to axisymmetric loading was 
studied by Lo, Crate, and Schwartz [I-41 . 
deflection theory andkund that the critical stress increases 
from a value of 0.37 Et/R at zero pressure to 0.606 Et/R 
They used large- 
(i.e., the value given by classical small-deflection theory) 
as the pressure increases to 0.2 Et2/R2. 
pressurization on stability of axially compressed cylinders was 
studied by Thielemann [I-51 . In addition to presenting a 
finite-deflection theory, he also conducted tests on aluminum 
The effect of internal 
2 
s h e l l s .  All t h e  aforementioned a n a l y t i c a l  s o l u t i o n s  w e r e  
ob ta ined  on t h e  b a s i s  of the  energy c r i t e r i o n .  ' 
Seide  [ 1-61 h a s  presented  a l i n e a r  small-def l e c t i o n  a n a l y s i s  
of t h e  buckl ing  of c y l i n d r i c a l  s h e l l s  subject t o  pure  bending. 
This s tudy  i n d i c a t e d  t h a t ,  c o n t r a r y  t o  t h e  commonly accepted 
va lue ,  t h e  maximum c r i t i c a l  bending stress i s  f o r  a l l  p r a c t i c a l  
purposes  equal  t o  t h e  c r i t i c a l  stress found f o r  a x i a l  compression. 
This r e s u l t ,  based upon smal l -def lec t ion  theory ,  does n o t  o f f e r  
any 
f o r  
due 
explana t ion  of t h e  experimental  d i f f e r e n c e s  known t o  e x i s t  
t h e s e  t w o  s i t u a t i o n s .  For example, experimental  evidence 
t o  Suer ,  H a r r i s ,  Skene, and Benjamin [ 1-71 i n d i c a t e s  buck l ing  
loads  i n  bending t o  be from 25 t o  60 per c e n t  g r e a t e r  than i n  
compression, t h e  e x a c t  value depending upon t h e  r a t i o  R / t .  
This par t  of t h e  r e p o r t  i s  a s tudy  of t h e  e l a s t i c  pos t -  
budding behavior  of t h i n  p re s su r i zed  c y l i n d e r s  s u b j e c t  t o  bending 
loads .  Throughout th i s  a n a l y s i s ,  t h e  Galerk in  method i s  employed. 
For comparison wi th  c e r t a i n  e x i s t i n g  r e s u l t s  ob ta ined  by us ing  t h e  
energy method, a s o l u t i o n  f o r  s h e l l s  subject t o  axisymmetric 
compression i s  reached f i r s t .  For t h i s  ca se ,  when t h e  p r e s s u r e  
parameter p R  / E t  
is t h e  same a s  t h e  c l a s s i c a l  sma l l -de f l ec t ion  s o l u t i o n .  
2 2  approaches u n i t y ,  it i s  found t h a t  t h e  s o l u t i o n  
The r e l a t i o n  of t h e  c r i t i c a l  stress t o  i n t e r n a l  p r e s s u r e  
h a s  been found. For t h i s  purpose it is  convenient  t o  in t roduce  
as  a parameter 
stress and t h e  
3 
t h e  r a t i o  between the increment of c r i t i ca l  
c r i t i c a l  stress a t  z e r o  p re s su re .  This  parameter 
w i l l  be e s s e n t i a l l y  independent of the imperfec t ions  i n  the 
s h e l l  when t h e  imperfect ions do n o t  vary  s i g n i f i c a n t l y  due t o  
changes i n  p re s su re .  F i n a l l y ,  experimental  d a t a  due t o  Suer ,  
H a r r i s ,  Skene, and Benjamin [ 1-73 are compared w i t h  the r e s u l t s  
of the p r e s e n t  ana lys i s .  
Nomenclature 
R 
P 
t 
W 
P 
3 
3 2 
F l e x u r a l  r i g i d i t y  E t  / 1 2 ( 1  -9 ) 
Young's modulus 
Airy stress funct ion  
Radius of middle s u r f a c e  of shel l  
Number of waves i n  a x i a l  and 
c i r c u m f e r e n t i a l  d i r e c t i o n s ,  r e s p e c t i v e l y  
I n t e r n a l  p r e s s u r e  
W a l l  t h i ckness  of s h e l l  
Radia l  d e f l e c t i o n  
Co-ordinates of a p o i n t  i n  the middle 
s u r f a c e  of the shel l ,  measured i n  the 
l o n g i t u d i n a l  and c i r c u m f e r e n t i a l  
d i r e c t i o n s  r e s p e c t i v e l y  
R/tm2 
Po i s son ' s  ra t io ,  3 = 0.3 i n  p r e s e n t  
s tudy  
s u b s c r i p t s  : 
b 
cr  
0 
4 
Dimensionless stress parameters 
Axia l  compressive stresses 
Laplace o p e r a t o r  
(v2) 
Bending 
C r i t i c a l  cond i t ion  
N o  p r e s s u r e  
B a s i c  Equat ions and Def l ec t ion  Function 
For an i n i t i a l l y  p e r f e c t  t h i n  c y l i n d r i c a l  she l l  the com- 
p a t i b i l i t y  and equi l ibr ium equat ions  can be expressed,  
r e s p e c t i v e l y ,  as  
5 
I n  the above equat ions ,  F is the. Airy stress func t ion  of  t h e  
membrane stresses, w i s  the r a d i a l  d e f l e c t i o n ,  t t h e  she l l  
t h i ckness ,  R the r a d i u s  of the middle s u r f a c e ,  and p is i n t e r n a l  
p r e s s u r e  (taken t o  be p o s i t i v e ) .  
An approximate form of the d e f l e c t i o n  p a t t e r n  is assumed: 
w h e r e  
0 for a she l l  s u b j e c t  t o  a x i a l  compression 
k =  { 1 for a she l l  s u b j e c t  t o  e c c e n t r i c  compression 
o r  pure bending 
b'= even in teger  
and m and n r e p r e s e n t  the number of waves i n  the a x i a l  and 
c i r c u m f e r e n t i a l  d i r e c t i o n s  r e s p e c t i v e l y ,  the number of waves 
i n  the ax ia l  d i r e c t i o n  b e i n g  w i t h i n  a l eng th  equal  t o  the 
circumference of  t h e  cy l inder .  Throughout t h e  p r e s e n t  s tudy 
-6 = 2 .  
be used. 
I n  (1-3) , b , i s  n o t  an independent parameter b u t  i s  used t o  
s a t i s f y  the cond i t ion  of p e r i o d i c i t y  of c i r c u m f e r e n t i a l  
For more l o c a l i z e d  buckl ing ,  a l a r g e r  va lue  of 'b' could  
When k = 0 ,  (1-3) i s  t h e  same as  tha t  used i n  [I-*] . 
displacement [ 1-31 . Corresponding t o  (1-3) , an express ion  
6 
for the stress function F is proposed 
The stresses 
respectively, and are positive for compression. For shells subject 
to axisymmetric Compression only, bb = 0 andf, is replaced 
by 6 to avoid any possible confusion in notation. 
bc and gb are due to axial compression and bending, 
Method of Solution 
When w and F in (1-3) and (1-4) are substituted in (1-1) 
and (1-2) , the equalities generally will not hold. They can, 
however, be expressed instead as 
7 
and 
An approximate solution is obtained by minimizing Q1 and Q 
on the right-hand sides of the above equations; this is done 
2 
by the Galerkin method. 
The Galerkin method establishes the following set of 
equations: 
8 
Again, k = 0 when t h e  s h e l l  i s  s u b j e c t  t o  a x i a l  compression 
only.  I n  the fol lowing sec t ions ,  s o l u t i o n s  a r e  obta ined  f o r  
a x i a l  compression and bending s e p a r a t e l y ,  a l though t h e  approaches 
a r e  t h e  same. 
Axisymmetric Compression 
I n  t h i s  section, t h e  parameter k i n  (1-3) and(1-8) and 
a l s o  bb i n  Q-4) are zero .  A l s o ,  Kc i n  (1-4) i s  rep laced  by b . 
The c o e f f i c i e n t s  a 2 0 t  a 0 2 ,  a l l ,  and a22 appearing i n  (1-4) 
can be expressed i n  terms of b2 and b 
of p-7) . The r e l a t i o n s  are found t o  be 
through t h e  fou r  i n t e g r a l s  3 
9 
In the above expressions, the dimensionless parameters are 
defined so that 
(1-10) 
(1-11) 
(1-12) 
The ratio n/m evidently represents the wave-length ratio in 
axial/circumferential directions. 
The integration of 0-8) together with the relations given 
in Q-9) leads to the following two equations: 
(1-13) 
10 
(I- 14) 
The function 
is a nondimensional stress parameter defined by the relation 
9 on the left-hand sides of the above equations 
f R  PR' P- Et" 9==- 
For brevity, (1-13) and (1-14) may be rewritten as: 
(1-15) 
(I- 13 a) 
(I-14a) 
where 
11 
I 
4 B, = - 
The parameter (b*/t) is eliminated between (1-134 
and the stress parameter $) is expressed as 
r (1-16) 
and (I-14a ) 
(1-17) 
In the above equation, 
12 
( I- 18) 
(1-19) 
As can be seen from (1-15) to(1-19) the dimensionless 
variable cTR/Et is a function of d ,  31 , and /cc. The buckling 
stress is thus obtained through minimization with respect to 
the parameters o( ,  5 , and /u- . Differentiation of 
$ with respect to o<is carried out first to obtain 
(1-20) 
13 
f o r  p = cons tan t .  Thus from (1-17) : 
and f i n a l l y  from (1-17) w i t h  4 given by (1-21) 
(1-21) 
(1-22) 
The n o t a t i o n  f l M  t h u s  denotes the va lue  of 9 minimized 
w i t h  respect t o  d . The expres s ions  for  C1 and c are found 
from (1-18) , (1-19) , and (1-16) . From (1-16) 
2 
(I- 2 2 a) 
It should be noted  tha t  /- i s  the c lassical  c o e f f i c i e n t  
from sma l l -de f l ec t ion  theory for  an unpressur ized  she l l .  When 
3 = 0.3, {m) = 0.606. The minimization of 
w i t h  respect t o  
numerical ,  or ,  r a t h e r ,  by graphic  means. This i s  done by 
5 and /cc i s  most e a s i l y  obta ined  by 
p l o t t i n g  $& i n  ( I -22a )  a g a i n s t  7 for each given va lue  
of . The minimum found from each of t h e s e  curves  
14 
which should be equ iva len t  t o  the va lue  
3 3 1  
i s  c a l l e d  #d 
found from t h e  r e l a t i o n  a$),/aT = 0. Table 1-1 g i v e s  
some of t h e  numerical  re la t ionsobta i r red  i n  t h e  course  of t h i s  
procedure . 
/Lc= 0 
r =  
&;l = 0.605 
0.2 0.25 0.5 1.0 1.15 
0.59 0.53 0.325 0.18 0.11 
0.44 0.406 0.29 0.3.9 0.161 
L e t  u s  i n t r o d u c e  t h e  fo l lowing  dimensionless  parameters  
0-R b=- 
E t  
and 
(1-23) 
(1-24) 
15 
- 
P = o  
,ucr = 1.15 
rCr = 0.161 
1 
- 
Then (1-15) may be r e w r i t t e n  a s  
0.01 0.05 0.1 0.2 0.4 ! 0 . 6  0.8 
1.10 1.08 1.04 0.76 0.45 G.24 0.08 
0.176 0.227 0.283 0.37 0.481 0.56 0.6 I 1 i 1 
(1-25) 
where G,? r e p r e s e n t s t h e  minimized va lue  of 3 w i t h  
respect t o  o< and 7 . To f i n d  the dimensionless  c r i t i c a l  
stress 6,, a t  a given value of dimensionless  p r e s s u r e  5' 
s e v e r a l  d i f f e r e n t  va lues  of /u a r e  t r i e d  i n  (1-25) t o g e t h e r  
w i t h  corresponding va lues  of 4d,xfrom Table 1-1 u n t i l  t h e  
right-hand s i d e  of (1-25) i s  minimized. The va lue  of PI a t  
w h i c h  q,? i s  minimum and equa l s  5 is  c a l l e d  Some 
v a l u e s  of a r e  given i n  
Table 1-2. 
- 
cr' 
acr and lcr f o r  va r ious  va lues  of 
It can be Seen t h a t  /u decreases  wi th  i n c r e a s i n g  5. This 
i n d i c a t e s  t h a t  t h e  buckl ing wave becomes longer  in t h e  c i r c u m f e r e n t i a l  
d i r e c t i o n  when t h e  p re s su re  i n c r e a s e s .  
cr 
The r e l a t i o n  between ? and is  shown i n  Fig. 1-1 a s  c r  
16 
Curve 11. 
from [ 1-81 and [ 1-93 a r e  p l o t t e d  i n  t h i s  f i g u r e  a l s o .  
The r e s u l t s  from [ 1-41 and [ 1-5]and t h e  t es t  d a t a  
?I-e 
broken curve shown t h e r e  r ep resen t s  the  curve  best f i ' l t i n g  
t h e  d a t a  i n  [I-5] , [ 1-81 , and [ 1-93 . The p r e d i c t i o n s  of 
t h e  p r e s e n t  theory  a r e  shown a s  Curve I1 i n  F ig .  11-2 so 
a s  t o  a f f o r d  a comparison wi th  experimental  d a t a  given i n  
[I-7] . 
I n  Fig.  1-1 t h e  broken curve i n d i c a t e s  t h a t  zcr 
is  only about  0.09 a t  = 0 ,  and 2 i n c r e a s e s  from 0.09 t o  
approximately 0.35, then  l e v e l s  o f f  a t  h i g h e r  va lues  of 
Po Scr is expected t o  reach  t h e  c l a s s i c a l  va lue  of 
0.606 when t h e  va lue  of $ i s  r e l a t i v e l y  h igh .  
probable  causes  of t h e  lower r e s u l t  i n d i c a t e d  by t h e  broken 
curve corresponding t o  tes t  d a t a  l i e s  i n  i n i t i a l  imperfec t ions  
which i n  g e n e r a l  i n c r e a s e  w i t h  i n c r e a s i n g  R / t .  
f a c t o r  does n o t  vary s i g n i f i c a n t l y  due t o  t h e  change of 5 , t h e n  
the r a t i o  of 2 a t  two d i f f e r e n t  p r e s s u r e s  w i l l  be n e a r l y  
independent of  t h e  effect  of imperfec t ions .  L e t  5 
cr 
- However, 
One of t h e  most 
I f  t h e  imperfec t ion  
c r  
r e p r e s e n t  
cr ,  o 
Zcr a t  5 = 0 ,  and 
17 
me r a t i o ,  A? / cr  zcr ,or  is p lo t ted  a g a i n s t F  i n  Fig.  1-3. 
As shown i n  t h i s  f i g u r e ,  the  p r e d i c t i o n s  of the p r e s e n t  theory  
a r e  i n  reasonably good agreement wi th  experimental  evidence, 
w h i c h  i s  re-plotted from the  broken curve of Fig.  1-1. 
One advantage of in t roducing  the r a t i o  A zcr/ 
i s  t h a t  the re la t ion  i n  Fig. 1-3 can be used having t es t  d a t a  
5 cr ,  o 
a t  on ly  one p r e s s u r e  t o  p r e d i c t  the c r i t i c a l  stress i n  the 
s a m e  imperfec t  s h e l l  a t  any other pressure .  For in s t ance ,  
a t es t  i s  made a t  5 = 0.4,  f o r  which va lue  i s  found 
exper imenta l ly  t o  be 0.29. From Fig.  1-3, the p r e s e n t  a n a l y s i s  
cr  
g i v e s  A Zcr/ zcrt0 = 2.02. 
t ha t  
r e s p e c t i v e l y ,  w h i l e  the mean t e s t  d a t a  from Fig.  1-1 s h o w  t h a t  
Therefore ,  it can be p r e d i c t e d  
zcr = 0.096, 0.221, and 0.356 a t  5 = 0,  0.2, and 0.8, 
zcr = 0.09, 0 .25 ,  and 0.34 a t  = 0,  0.2, and 0.8, r e spec t ive ly .  
Eccen t r i c  Compression, Pure Bending 
When a c y l i n d r i c a l  s h e l l  i s  s u b j e c t  e i t h e r  t o  pu re  
bending or e c c e n t r i c a l l y  app l i ed  compression, k i n  (I-3)and 
( 1-811s u n i t y .  The s o l u t i o n  i n  t h i s  case i s  analogous t o  
the s o l u t i o n  of the previous s e c t i o n .  The c o e f f i c i e n t s  of the 
Airy  stress funct ion  F a r e  found t o  be 
c 
18 
(1-26) 
where /u, oc , and 31 are given by (1-10) I (1-11) I and (1-12) I 
r e s p e c t i v e l y .  
From (1-8) and (I-26) 
(1-27) 
19 
(1-28) 
T h e  stress parameters  91 and $2 a r e  def ined  by  t h e  r e l a t i o n s  
(1-29) 
The experiments Of Suer, H a r r i s ,  Skene, and B e n j a m i n  l1-71 
i n d i c a t e  t h a t  s h e l l s  s u b j e c t  t o  compression or bending w i l l  
buckle  i n t o  a m u l t i p l e  wave p a t t e r n  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n .  
Numerical r e s u l t s  from the  p r e s e n t  a n a l y s i s  a l s o  i n d i c a t e  t h a t  
20 
m h a s  a magnitude greater than 10 when R / t  i s  g r e a t e r  than 500. 
These c a l c u l a t i o n s  are t o o  lengthy t o  p r e s e n t ,  b u t  f o r  example: 
A t  5 = 0.48 and R / t  = 1 ,000 ,  it was found t h a t  l / m 2  = 0.00204, 
which i s  much less t h a n  uni ty .  
the  neighborhood of u n i t y ;  hence, f r o m  (1-11) m2 v a r i e s  
approximately as R / t .  
on ly  wi th  extremely t h i n  s h e l l s ;  hence t h i s  r a t i o  i s  l a rge .  
Therefore, for p r a c t i c a l  purposes l / m 2  and l /m4 are n e g l i g i b l e  
compared t o  u n i t y .  Thus, 
The va lue  of @ i s  u s u a l l y  i n  
I n  the p r e s e n t  a n a l y s i s  w e  are  concerned 
(1-30) 
(1-31) 
and 
21 
For brevity, 6-33 and Q-32) may be rewritten as: 
and 
where 
(1-32) 
(I-31a) 
(I- 3 2a) 
22 
! -  
Fur the r ,  
A, - (1-34) 
23 
The simultaneous solution of (I-31a) and (I-32a) leads to 
and finally from (1-35) with o( given by (1-36) 
(1-35) 
(1-36) 
(1-37) 
is the value of 4 minimized with respect to OC. 
b 
where ( 
For classical small-deflection theory,T= 0; hence, C1 = C2 = 1 
2 and the expression {1/2(1 - 3 ) is the coefficient for this theory. 
When 3 = 0.3,{1-= 0 . 7 4 .  
Analogous to the solution in the case of axisymmetric 
compression, the minimization of c)b with respect t o p  and? 
is done graphically. 
various values of p. 
~irst, ( +b)d versus 7 is plotted for 
The minimum ( $b)d found from each 
24 
/Lc = o  
- "I 
= 0.74 
of these curves is called . Table 1-3 gives some 
of the numerical relations obtained in the course of this 
procedure. 
0.25 
0.66 
0.52 
TABLE 1-3 
0.5 
0.46 
0.34 
1.0 1.15 
0.23 0.15 
0.21 0.195 
L e t  us introduce the following dimensionless parameters 
- q R  5s- 
E t  
and 
Thus, from (1-30) 
(1-38) 
(1-39) 
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3 -  \ 
(‘b + 5 cc /c r  
a t  a given va lue  of dimensionless p r e s s u r e  5, s e v e r a l  d i f f e r e n t  
va lues  o f f l a r e  t r ied  i n  (1-39) , together w i t h  corresponding 
va lues  of ( +  ) from Table 1-3 u n t i l  t h e  right-hand s i d e  
of (1-39) i s  minimized. 
To f i n d  the dimensionless c r i t i c a l  stress 
b 4 7  
0.025 
1.1 
0.249 
0.166 
3 -  The va lue  of f i a t  which ? i s  minimum and 
b + Zbc).ct7 
i s  c a l l e d  per. Table 1-4 i n d i c a t e s  (.. + - 3 B,) cr 
2 
0.05 
1.04 
0.294 
0.196 
s o m e  numerical  r e l a t i o n s  i n  terms of t h e . p r e s s u r e .  
- P = o  
= 1.14 
P C r  
G- + - ? )  J = 0.2 
b 2 c c r  
( Cc)* cr = 0.133 
0.1 
0.86 
0.365 
0.243 
0.2 
0.63 
0.48 
0.32 
0.4 
0.34 
0.64 
0.426 
It can be seen t h a t  ,Ucr decreases  w i t h  i n c r e a s i n g  5. 
above table,  ( Zc)* 
I n  
s t a n d s  for the va lue  of ( 2 c ) cr when cr 
0.6 
0.14 
0.73 
0.487 
the 
bb-+O. The r e l a t i o n s  between (zb + 2 5.) cr and is as  w e l l  
2 
and ‘is are shown i n  Fig.  1-2, i n  w h i c h  the d a t a  c r  as ZC)* 
f r o m  [I-7 ] a r e  shown also. 
The broken curve shown t h e r e  bounds t e s t  data obta ined  
- 
0.8 
0.02 
0.734 
0.489 
by Suer ,  Har r i s ,  Skene, and Benjamin t I - 7 1  f o r  ax i a l  compression. 
Bending t es t  d a t a  due t o  these  same au thor s  are shown by i n d i v i d u a l  
p o i n t s  i n  Fig.  1-2. 
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L e t  us  i n t roduce  t h e  nota t ion  
(1-40) 
r ep resen t s  t h e  va lue  o f  3 + 3 - ) c r , o  ( b  y r c )  c r  
b(Fb + A 5 c ) c r  
i s  p l o t t e d  a g a i n s t  a t  = 0. The r a t i o  2 
p b  + 3 z c )  2 cr,o 
i n  Fig.  1-4. Again, t h i s  r a t i o  should p r e d i c t  t h e  c r i t i c a l  
stress i n  an imperfec t  s h e l l  from tes t  d a t a  a t  only one p r e s s u r e .  
It h a s  been observed t h a t  g e n e r a l l y  ( C? ) *  i s  n o t  equa l  
c cr 
t o  t h e  va lue  of 2 found f o r  axisymmetric compression. The 
d i f f e r e n c e  i s  due t o  the def lect ion p a t t e r n s  employed. Curves I1 
cr  
and I11 of Fig.  1-2 i n d i c a t e  t h e  e f f e c t  on a x i a l  compression 
of t hose  d i f f e r e n t  p a t t e r n s  and show t h a t  even a s l i g h t  
e c c e n t r i c i t y  i n  a p p l i c a t i o n  of load  w i l l  g r e a t l y  reduce t h e  
buck l ing  stress. ( Tc)*cr ver sus  i s  shown i n  Fig.  1-1 
as Curve I V .  
Discussion and Conclusions 
It  can be observed t h a t / =  0 i n  t h e  c a s e  of r i n g  buckl ing  
a n d , f u r t h e r ,  b3 = 7 = 0 i n  the c a s e  of  small  d e f l e c t i o n s .  
e i t h e r p  o r  b3 i s  ze ro ,  t h e  above a n a l y s i s  reduces t o  a small-  
I f  
d e f l e c t i o n  s o l u t i o n .  
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(". -I- $ b c )  cr/?cr' The r a t i o  between s t r e s s e s ,  
i s  approximately 1 . 2 5  and v a r i e s  only s l i g h t l y  wi th  p re s su re .  * 
Therefore ,  t h e  r a t i o  ("' cr i s  0.833. The procedure 
c m 
4 cr  
i n d i c a t e d  can be employed when t e s t  d a t a  a t  one p r e s s u r e  
a r e  a v a i l a b l e  t o  p r e d i c t  the  c r i t i c a l  stress i n  the same 
imperfec t  s h e l l  a t  any o the r  p re s su re .  S ince  m o r e  c o n s i s t e n t  
t e s t  r e s u l t s  can be expected from s h e l l s  under h ighe r  
p r e s s u r e s ,  F igs .  1-3 and 1-4 a r e  a v a i l a b l e  t o  predict the 
buckl ing  stresses when a t  l e a s t  one t es t  has been made on 
some moderately p re s su r i zed  c y l i n d e r s .  For i n s t a n c e ,  i f  
the  c r i t i c a l  pure  bending s t r e s s , ( z b  ./Et) 
found exper imenta l ly  as 0.53 a t  = 0.4, then from Fig.  1-4 
h a s  been cr '  
can be found 6 R / E t  ) cr = 0.163, and 0.603 a t  = 0, ( b  
and 0.8, r e s p e c t i v e l y .  This eva lua t ion  i s  app l i ed  only t o  
she l l s  having t h e  same r a t i o  R / t .  The e f f e c t s  due t o  a 
change of R / t  w i l l  be d iscussed  i n  a l a t e r  paper .  
The p r e d i c t i o n s  of t he  p r e s e n t  theory  f o r  p r e s s u r i z e d  
a x i a l l y  compressed c y l i n d r i c a l  s h e l l s  a r e  i n  s u b s t a n t i a l  
agreement wi th  t e s t  d a t a  far a r a t h e r  wide range of va lues  
cf i n t e r n a l  p re s su re .  P red ic t ions  of t h e  theory  f o r  p r e s s u r i z e d  
c y l i n d r i c a l  s h e l l s  i n  pure bending a r e  i n  reasonable  agree- 
ment wi th  experimental  evidence f o r  dimensionless  i n - r e r n a l  
pressures i n  excess  of 0.1 b u t  a r e  conse rva t ive  f o r  si . ial ler 
va lues  of  i n t e r n a l  pressure .  
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PART I1 
POSTBUCKLING BEHAVIOR OF PRESSURIZED CYLINDRICAL SHELLS 
W I T H  INITIAL DEFLECTION 
In t roduc t ion  
The i n f l u e n c e  of i n i t i a l  imperfec t ions  on buckl ing  
s t r e n g t h s  was f i r s t  s t u d i e d  by Donnell i n  1934 [11-l] . 
The s o l u t i o n  f o r  c y l i n d r i c a l  shells s u b j e c t  t o  a x i a l  
compression was l a te r  carried o u t  by Donnell and Wan [ I I - 2 1  . 
For shells under e x t e r n a l  p r e s s u r e ,  the e f f e c t s  of imper fec t ions  
and f i n i t e  d e f l e c t i o n s  have been s t u d i e d  by Nash [ 11-31 , 
w h i l e  the c a s e  of f i x e d  edges w a s  d i scussed  by Donnell 
i n  1958 [ 11-41 . 
The s t u d i e s  made i n  . r e f e rences  [ 11-11 through [II-?] a r e  
based on the assumption t h a t  the a d d i t i o n a l  d e f l e c t i o n  h a s  
t he  same form as t h e  i n i t i a l  d e f l e c t i o n ,  b u t  a d i f f e r e n t  
amplitude.  I n  a paper  publ i shed  i n  1958, Ivanov [11-5) 
cons idered  t h e  case of a s h e l l  under t h e  a c t i o n  of h y d r o s t a t i c  
p r e s s u r e .  H i s  paper  i s  d i s t i n c t i v e  because the a d d i t i o n a l  
d e f l e c t i o n  assumed wave lengths d i f f e r e n t  f r o m  t h a t  of the 
i n i t i a l  dev ia t ion .  
I n  the p r e s e n t  s tudy ,  the e f f e c t s  of geometric imperfec t ions  
on the pos tbuckl ing  behavior  of p r e s s u r i z e d  c y l i n d e r s  s u b j e c t  
t o  compression a r e  i n v e s t i g a t e d .  The t o t a l  normal d e f l e c t i o n  
i s  assumed t o  be d i f f e r e n t  from the i n i t i a l  dev ia t ion .  
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General relations for finding the minimum compression in 
the postbuckling region are expressed. 
is then deduced from the nonlinear treatment. 
value of the minimum stress is found when the additional 
deflection follows the same form as tkinitial deflection. 
A linear solution 
The smallest 
This case is treated in the section beginning on page 38. 
The imperfection factor is fntroduced in the finite-deflection 
compatibility and equilibrium equations. 
to express the imperfection parameter as an explicit 
exponential function of both the radius-thickness ratio and 
the internal pressure is propoeed. 
exponential function is described, and the solution for the 
critical compression is found in a fairly simple form. The 
decrease of minimum load with the increasing radius-thickness 
ratio at different pressure is related. 
A new relation 
A method for finding the 
C 
D 
F 
R 
Nomenclature 
Index in the exponential function, defined 
in equation (11-18) 
Flexural rigidity Et3/12 (1-3 2, 
Young's modulus 
Airy stress function 
Radius of middle surface of shell 
Number of waves in axial and circumferential 
directions, respectively 
I n t e r n a l  p re s su re  P 
t 
W 
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P 
'If 
i, 
v4 
9 
lr 
S u p e r s c r i p t  : 
0 
Subsc r ip t  
min 
W a l l  th ickness  of she l l  
Total normal d e f l e c t i o n  
F i r s t  and second p o r t i o n  of a d d i t i o n a l  
deflection, r e s p e c t i v e l y  
I n i t i a l  d e f l e c t i o n  
Co-ordinates  of  a p o i n t  i n  the middle s u r f a c e  
of  the she l l  
w i / ( W i  + "11, imper fec t ion  ra t io  
R/m2t  
Imperfect ion c o e f f i c i m  t, def ined  i n  equa t ion  
(11-25) 
P o i s s o n ' s  r a t i o , j  = 0.3 
a4 + 2&+57r a4 
3 7  
Stress parameter,  de f ined  i n  equat ion  (11-21) 
Uniform a x i a l  compressive stress 
Perfect s h e l l  
Minimum value 
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Addi t iona l  Def l ec t ion  D i f f e r e n t  From I n i t i a l  Def l ec t ion  
For an imperfec t  shell ,  the a d d i t i o n a l  d e f l e c t i o n  due 
t o  load  can be considered a s  be ing  composed of two p a r t s .  
The f i r s t  p o r t i o n  assumes the shape of t h e  i n i t i a l  d e f l e c t i o n ,  
wh i l e  t h e  second h a s  a new wave p a t t e r n  which i s  d i f f e r e n t  
from the i n i t i a l  dev ia t ion .  The t o t a l  deformation i s ,  the re -  
fore, t h e  sum of the i n i t i a l  d e v i a t i o n  and the t w o  p a r t s  
of t h e  a d d i t i o n a l  d e f l e c t i o n .  I n  t h e  fo l lowing ,  t h e  non- 
l i n e a r  c o m p a t i b i l i t y  equat ion and equ i l ib r ium equat ion  
a r e  f i r s t  w r i t t e n  and t h e  s o l u t i o n  i s  then ob ta ined  by 
us ing  the Galerk in  method t o  i n t e g r a t e  t h e s e  two equat ions .  
Basic  Equation. W e  l e t  w equal  the t o t a l  r a d i a l  
d e f l e c t i o n ;  Wi, t h e  i n i t i a l  imperfec t ion  i n  t h e  r a d i a l  
d i r e c t i o n ;  and F, t h e  Airy stress funct ion .  The f i n i t e -  
d e f l e c t i o n  c o m p a t i b i l i t y  equat ion  h a s  t h e  fo l lowing  form: 
(11-1) 
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The total deflection w can be written as 
(11-2) 
where w1 equals the first portion of the additional 
deflection which follows the form of the initial deviation 
and W 
which has a wave form different from w or w 
equals the second portion of the additional deflection 2 
Further, let 1' i 
h c  - imperfection ratio r =  - 
k/L. + h ' r  
The compatibility equation can then be rewritten as: 
(II- 3) 
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The equilibrium condition in the normal direction 
derived by the variation of the total potential energy has 
the following form: 
Deflection Function Solution. The deflection 
functions are assumed to be 
and 
(11-5) 
(11-6) 
(11-7) 
In general, m # j, and n # k. Fran equations (11-3) , 
(11-6) , and (11-7) , the total deflection has the following 
form 
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where the magnitudes of r and A3 are considered 
to be designated so that only two equations, oarresponding 
to free Parmeters b2 and b 
critical stress, The and are defined as 
need be used to find the 3' 
2 3 
(11-8) 
The stress .function assumes the following form: 
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Applying t h e  Galerk in  method t o  bo th  equa t ions  (11-4) and 
(11-5) e s t a b l i s h e s  t h e  following two equat ions :  
a 
(I I- 10) 
(11-11) 
where 
(11- 12) 
I n  equat ions  (11-10) and (11-11) , t h e  f l  and f a r e  f u n c t i o n s  
2 
The complete expres s ions  f o r  f l  and f 
w i l l  be reduced t o  s p e c i f i c  forms i n  l a t e r  d i scuss ions .  
a r e  very  long, and 
2 
Depending upon t h e  magnitude of and A3, t h e r e  a r e  2 
t w o  l i m i t i n g  cases :  
(1) A2,  )) 1, i .e . ,  most p a r t s  of t h e  a d d i t i o n a l  
de f l ec t3on  a r e  d i f f e r e n t  from t h e  i n i t i a l  d e v i a t i o n .  
(2) , 4< 1, i . e . ,  most p a r t s  of t h e  a d d i t i o n a l  
d e l l e c t 3 o n  fol low t h e  same form a s  t h e  i n i t i a l  d e f l e c t i o n .  
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In order t o  find which one of the above t w o  cases y i e l d s  a 
lower va lue  of the  minimum load, an i n i t i a l  s tudy  i s  
c s r r i ed  o u t  on the  bas i s  of a l i n e a r  s o l u t i o n .  The non- 
l i n e a r  s o l u t i o n  sliould change the  magnitudes b u t  n o t  reverse 
t5e conc lus ions  drawn from the  l i n e a r  a n a l y s i s .  
Linear Solu t ion .  For the l i n e a r  s o l u t i o n ,  = 0 .  
3 
Equat ion (11-10) i s  reduced t o  the fo l lowing  express ion:  
The syrLols o( and /Gc a r e  de f ined  as: 
(11-14) 
4 2  
After minimization with respect to<, 
(11- 15) 
Upon examination of the above equation, the two limiting 
cases are seen to be: __ 
1 
(1) when >) 1 -P%')j; \/W) (11-16) 
i - r  (I I- 17) 
( 3 i -  
(2) when La.(< 1 I 5 
It can be observed that Case (2) always predicates a lower 
value of 6. If only the minimum load is of interest, the 
additional deflection can be thus assumed to retain the 
same wave-length in both the circumferential and axial directions. 
Hence, 
deflection analysis made in the following section. 
and A, are considered to be zero in the finite- 
Additional Deflection Followinq the Wave Form of Initial Deviation 
Tne imperfection ratio, r , is proposed as: 
43 
i .  
The index C is always positive, and is assumed to be a 
function of internal pressure only. The determination of C 
will be discussed later. In this part, w = 0 (i.e., h,  = 2 
A, = 0 ) .  Equations (II-10) and (11-11) have the following 
form: 
and 
(11-18) 
(11-19) 
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I n  the above equat ions  
P R a  - 
Et’ bR P 
- $6 =“-/UP L --- 
E t  
(11-21) 
A f t e r  b2/t i s  e l imina ted  from equa t ions  (11-19) and 
(11-20) , and c) is minimized wi th  respect t o  o(, t h e  fo l lowing  
express ion  i s  obtained:  
“he symbols C1 and C a r e  d e f i n e d  a s  follows: 
2 
(11-22) 
(11-23) 
i 
where 
4 5  
(11- 24) 
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T h e  next  s t e p  i s  t o  f i n d  t h e  minimum p ve r sus  ';I 
when /L and a r e  given.  This minimized va lue  i s  denoted 
, which i s ,  t h e r e f o r e ,  a func t ion  of / L a n d  f . 
The s u p e r s c r i p t  o i s  h e r e a f t e r  used t o  i n d i c a t e  t h e  parameters  
of p e r f e c t  shel ls ,  for  which r =  0 i d e n t i c a l l y .  The 
magnitudes of f' 
Denote 
versus  /cc w e r e  found i n  r e fe rence  [II-6] 
4 3!
(I I- 2 5) 
The r a t i o  i s  h e r e  c a l l e d  an " imperfec t ion  c o e f f i c i e n t . "  
The v a r i a t i o n  of 'zf w i t h  r f o r  d i f f e r e n t  va lues  of /cc i s  
shown i n  Fig.  11-1. Note t h a t  Curve I V  ( /u= 1.15) i s  for 
unpressur ized  s h e l l s ,  w h i l e  Curve I (p= 0 )  i s  f o r  shells 
subject  t o  r a t h e r  h igh  p r e s s u r e s ,  f o r  example, pR / E t 2  2 1. 
A t  the same p r e s s u r e  and R / t  r a t i o ,  r remains c o n s t a n t  and 
2 
'd dec reases  wi th  decreasing /Lc . From equat ions  (11-21) 
and (11-25) , t h e  minimum compression i n  the pos tbuckl ing  
reg ion  i s  expressed as 
(11-26) 
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The n o t a t i o n  ,A4 represents the v a l u e  of p a t  which the 
magnitude o f  b i s  minimum. 
cr - 
The problem, now, i s  to determine the  index C i n  equat ion  
(11-18) . A t  g r e a t e r  values of the i n t e r n a l  p r e s s u r e  p, the 
wave l eng th  r a t i o  /Lc becomes smaller [ 11-61 w h i l e  the  imperfec t ion  
r a t i o  r i s  a l so  expected to  be smaller. I n  F ig .  11-1 it 
can be seen t h a t  'd i s  a decreasing func t ion  of r b u t  an 
inc reas ing  func t ion  o f  /cc. Therefore ,  the change o f  p r e s s u r e  
should n o t  s i g n i f i c a n t l y  change the magnitude of due 
to the s o m e w h a t  counter  e f f e c t  of /n and /&. FOT the  p~rpcse  
of eva lua t ing  C ,  i t  can be assumed t h a t  a t  c e r t a i n  va lues  of 
R / t :  
?f 
d 
I n  t h e  above equat ion ,  ?f i s  taken as an average va lue  of 
f o r  a l l  p re s su res .  
found a t  t h a t  R / t  r a t io .  The 6 i s  the corresponding minimum 
stress i n  the p e r f e c t  s h e l l  under the s a m e  p r e s s u r e  111-63 . 
The 0- i s  the a c t u a l  minimum ax ia l  com2ression 
0 
r 
- 
A f t e r  ;3' i s  chosen, the r e l a t i o n  between and A i s  
found f r o m  F ig .  11-1 . From equat ion  (11-18) , C can be 
found i n  terms of r and, hence,  i n  terms o f  /cc. A l s o ,  
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f l  can be found i n  terms of f; from equat ion  (11-26). 
The index C i s  t h u s  determined as a func t ion  of p .  
- 
Numerical Evaluat ion.  I n  t h i s  example, ;I’ i s  assumed 
t o  be 0.6 i n  one case and 0.52 i n  another  wi th  R / t  = 1 ,500 .  
Wnen 3 i s  used i n  F ig .  11-1, t h e  v a r i a t i o n  of  r with  
/c” i s  found. The use  of equat ion  (11-18) determines C i n  
t e r m s  o f  r , and, hence, i n  terms of  /u. When i s  used 
i n  equat ion  (11-26), t h e  r e l a t i o n  between and /Lc i s  
ob ta ined  when ( 2 $:,T + /cck) i s  sma l l e s t .  Note t h a t  
0 
v a r i e s  wi th  p [II-61. The v a r i a t i o n  of  C ve r sus  Q w l q L  
5 i s  p l o t t e d  i n  F ig .  11-2.  With t h i s  f i g u r e  and equat ion  
(II-M), r i s  determined by 5 and R / t .  I t  should be noted 
t h a t  t h e  ‘tf i n  equat ion  (11-26) i s ,  i n  g e n e r a l ,  a func t ion  
of r and /u (Fig.  11-1). When t h e  5 and R / t  a r e  known, 
f i s  known; t h u s  9; and ?f depend on /cc only.  The 
d R  1 
#yL 
i s  found by assuming d i f f e r e n t  va lues  of /cL u n t i l  zt min 
the right-hand s i d e  of equat ion (11-26) e x h i b i t s  i t s  lowest  
2 2  va lue .  The change of  ( 6R with  pR / E t  when R / t  = 1 , 5 0 0  
-ET) m i n  
i s  shown i n  F ig .  11-3. The t e s t  r e s u l t s  from [11-6, I i - 7 ,  11-83, 
in which t h e  R / t  r a t i o  ranges from g r e a t e r  t han  1 ,000  t o  less 
than  1 , 8 0 0 ,  a r e  also adopted i n  t h i s  f i g u r e .  These t e s t  d a t a  
are much lower than  t h e  c l a s s i c a l  buckl ing  load  and a r e  
hence considered as t h e  m i n i m u m  load.  The v a r i a t i o n s  of 
(.-) ,with r e s p e c t  to  5 = 0 and 1, a r e  shown 
Et min 
49 
i n  F ig .  11-4. The two curves i n  t h i s  f i g u r e  se rve  a s  upper 
and lower bounds of minimum loads  f o r  imperfec t  c y l i n d e r s .  
Conclusions 
The m i n i m u m  load was found t o  be lower when t h e  f i n a l  
buckl ing  p a t t e r n  had t h e  same wave form a s  t h e  i n i t i a l  no-load 
d e f l e c t i o n .  An imperfect ion r a t i o  was in t roduced  a s  an 
e x p l i c i t  func t ion  of R / t  and pressure index C.  Numerical 
examples a r e  compared with a group of known experimental  
r e s u l t s .  A s i m i l a r  approach can be used f o r  o t h e r  t ypes  of 
imperfec t  s h e l l s .  
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PART I11 
STABILITY OF STIFFENED PRESSURIZED CYLINDRICAL SHELLS 
SUBJECT TO COMPRESSION OR BENDING 
Introduction 
The stability of a stiffened cylindrical shell was recently 
studied by Becker and Gerard [111-l] by the use of small- 
deflection, orthotropic-shell theory. In 1958, McCoy [ 111-21 
reported experimental results on the general instability of 
ring-stiffened, unpressurized, thin cylinders subjected to 
axial compression. In 1960, Peterson and Dow 
test data for a pressurized ring-stiffened cylinder subject 
to axial compression. 
In this part of the present report the general instability 
of thin pressurized cylinders stiffened by discrete rings is 
discussed. The cylinders are subject to axial compression or 
bending. The restoring forces from the stiffeners are introduced 
in the equilibrium equation by the use of the Dirac delta 
function. Tne Galerkin method is used to obtain an approximate 
solution. 
D 
E 
Nomenclature 
Flexural rigidity 
Young's modulus 
N 
X I  6 
P 
I 
J 
b 
6 
P 
v2 
v4 
i 
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Airy stress f u n c t i o n  
Length, r ad ius  and th i ckness  
. of shell,  r e s p e c t i v e l y  
N u m b e r  of r i n g s  
Co-ordinates 
I n t e r n a l  p re s su re  
Moment of  i n e r t i a  of s t i f f e n e r s  
Twist moment  of i n e r t i a  of s t i f f e n e r s  
Dirac d e l t a  
Uniform a x i a l  compressive stress 
n 2 / d  
Laplace opera tor  
i - t h  r i n g ,  i = 1, 2, ..., N 
Bas ic  Equations 
When a shell  i s  r e in fo rced  c i r c u m f e r e n t i a l l y  by r i n g s ,  
the equ i l ib r ium equat ion  can be expressed a s  
57 
(111-1) 
Sn the above equation, E.I. and GiJi are the bending and torsional 
1 1  
rigidities of the i-th ring, respectively. The Dirac delta 
function is defined as follows: 
L 
f 
( I1 I- 2') 
where 
d = space between adjacent rings = L / ( N  + 1) 
xi = id = distance from the origin to the i-th ring (111-3) 
The shell is considered isotropic and the compatibility 
equation is expressed as: 
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Axisymmetric Compression 
For the stiffened cylinder subject to axial compression, 
the general buckling pattern can be assumed to be 
(111-5) 
As an approximation,’the Airy stress function F has the following 
assumed form: 
(I1 I- 6 )  
After the expr ssi ns (I,II-5) and (111-6) are substituted into 
equation (111-4) and the Galerkin method is applied, the coefficients 
of F are found to be: 
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E t ”  4- 3 a  
where 
R 
-had 
o c =  
(111-7) 
(111-8) 
The integration of (111-l),together with the re la t ions  given 
i n  (111-8), es tabl ishes  the  following three equations: 
60 
where 
i- 5 / 7 7  
-t 
a / - 
c3 ) 
37 o( i- 
7 
? = -  6 R  
Et 
6 ,  
4 
7 =  - t 
.( 111-9) 
( Z I I - l o )  
(111-11) 
(111-12) 
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The dimensionless  parameters B ' ,  C' and D' are used for  brevity 
and de f ined  as: 
I 
& 
I 
%7 
I 
c, 
a 
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i 
c3 =-""I$ Y + (/+ ' 1  /cc) A 
I I 
I I c* = - 
Lt 
(I1 I- 13) 
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In equations (111-13) , 
- 
T Ei  TL  
A x i a l  Bending 
When a cy l inder  i s  subjected to  ax ia lbending ,  the 
d e f l e c t i o n  function i s  assumed to  be 
(111-14) 
(I 11- 15) 
The corresponding Airy s t r e s s  function F i s  assumed to be 
. 
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S + G  R 
\ h e r e  i s  t h e  peak bending s t r e s s .  
Following t h e  same reasoning discussed i n  P a r t  I, f o r  
(I I I- 16) 
p r a c t i c a l  purposes 1 
i n  t h i s  s e c t i o n .  The approach t o  t h e  p r e s e n t  problem i s  t h e  
and h_ a r e  n e g l i g i b l e  compared t o  u n i t y  ;;;z m a  
same a s  t h a t  used f o r  t h e  case  of axisymmetric compression. 
A f t e r  t h e  equi l ibr ium equation (111-1) i s  i n t e g r a t e d  w i t h  t h e  
use of equat ions  (111-15) and (111-16) , t h e  following t h r e e  
equat ions  a r e  e s t a b l i s h e d .  
(111- 17) 
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where 
(111-18) 
In equations ( 111-17, 111-18, 111-19), the following symbols 
are used: 
(I I I-'1 9) 
(111-20) 
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j .  
--I 3 +  
(111-21) 
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8 ( /+ - /  
Simplified Solution (k = 1) 
The solution can be simplified by considering k = 1 
(i.e., b3 = bb). For the case of uniform compression, when 
k = 1 equations (111-10) and (111-11) are combined into one 
equation,viz: 
68 
- 
When b2 is e l imina ted  between (111-9) and (111-22) , the 
following equat ion  i s  obtained.  
(I1 I- 2 2) 
(I 11- 2 3) 
In the above equat ion ,  
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When the s h e l l  buckles into multiple waves and the space 
between t w o  adjacent rings i s  small compared to the length 
of the s h e l l ,  an approximation can be made by assuming 
/\I d -  
i= r L: / 
( 111- 2 5) 
and 
This assumption implies that the mean values of ring r i g i d i t i e s  
are used. 
a s  From the re lat ion -= 0 and equation (111-23), 
a< 
(I 11- 2 6) 
7 0  
where yl and v2 a r e  func t ions  of ,44 and 7 . l?he 
mininum value  of 0 can be found for each given va lue  of 
/tc w h i c h  i s  equal t o  the wave l eng th  r a t i o .  I t  i s  t o  be  
noted t h a t / C i =  1 may be  used f o r  p = 0 and /cc dec reases  
when p i n c r e a s e s .  
Analogous t o  t h e  s o l u t i o n  f o r  t h e  c a s e  of axisymmetric 
compression, t h e  s i m p l i f i e d . s o l u t i o n  f o r  f i n d i n g  t h e  m i n i m u m  
bending stress < has  the  fol lowing form: 
(111- 27) 
I n  the above equat ion ,  
7 1  
Conclusions 
The effects due t o  r e i n f o r c i n g  r i n g s  are inc luded  i n  the 
Parameters  B '  and D' 
4 4 
[equat ion (111-13)l for  axisymmetric 
( I 11-2 9 ) 
- - 
compression and i n  Bi and D; 
case of bending. These e f f e c t s  i n c r e a s e  w i t h  i n c r e a s i n g  /cc. 
Since  p, decreases when t h e  i n t e r n a l  p r e s s u r e  p i n c r e a s e s ,  the 
r i n g s  have a g r e a t e r  s t i f f e n i n g  effect  on the c y l i n d r i c a l  
shel l  a t  lower va lues  of i n t e r n a l  p re s su re .  
the minimum bending stress and t h e  uniform compressive stress 
i s  approximately equal  t o  t h a t  found for  t h e  u n s t i f f e n e d  s h e l l  
i n  Par t  11. 
[equat ion (111-214 for the 
The r a t i o  between 
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PART IV 
GENERAL INSTABILITY OF RING-STIFFENED CYLINDRICAL SHELLS - 
SUBJECT TO EXTERNAL PRESSURE 
Introduction 
The buckling under external pressure of a circular cylindrical 
shell with evenly spaced rings was first investiQated by 
Kendrick in a series of three papers [IV-3.1 . The general 
instability of a clamped-end cylindrical shell with stiffening 
rings was later studied by Nash [IV-21 . An investigation based 
upon the use of Donnell's linearized equations derived by 
Taylor for orthotropic cylinders was reported by Becker [ IV-31. 
In the current study a finite-deflection analysis is made 
of the buckling of cylindrical shells stiffened with rings and 
subjected to external pressure, 
energy is employed. The ends of the cylinders are taken to be 
simply supported, and the deflection configuration involves five 
free parameters. This leads to a system of five nonlinear 
algebraic equations in five unknowns. 
The method of minimum potential 
Nomenclature 
E 
R, t, L 
Young's modulus 
Radius, thickness, and length of shell, 
respectively 
N' Number of rings 
H 
"i 
Ii 
n 
d i  
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N f l  
Sectional area of i-th ring 
Moment of inertia of i-th ring 
Number of circumferential waves 
Displacements in axial, circumferential and 
radial directions, respectively 
External pressure 
t/R 
t/L 
E. Ai (1 - 3  2 )/EtL 
1 
Ei Ii (1 -J2)/EtLR2 
Potential Energy 
The approximate strain-displacement relations of finite- 
deflection theory can be expressed as: 
(IV-1) 
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The extensional strain energy of the shell is 
The bending strain energy of the shellis 
0 0  
The extensional strain energy of the i-th ring is 
(IV- 2) 
(IV- 3) 
( IV- 4) 
0’ 
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h e r e  X i  i s  the d i s t ance  from one end, ( x  = 0 ) ,  to the  i-th r i n g .  
The bending energy of the  i - t h  r i n g  i s  
The p o t e n t i a l  of the r ad ia l  p r e s s u r e  i s  
2 
( I V - 5 )  
( IV-6 )  
The total p o t e n t i a l  energy i s  
(IV-7) 
77 
Displacement Functions 
For simply supported cylinders, the displacement functions 
have the following assumed forms: 
(IV-8)  
where L - L = average spacing between two rings. m e  
nondimensional parameters dl, d2, d3, d4 and dg are arbitrary. 
f-- 
N + 1  
Collapse Pressure 
For the condition of equilibrium, the variation of the 
total potential U 
of the parameters dl, d2, d3, d4, and d5 must be zero. 
leads to the following relations: 
[equation (Iv-~)] with respect to each 
This 
(IV-9)  
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The above equations lead to a series of five nonlinear 
algebraic equations which are written in the brief forms: 
In equation (IV-lo), the M and K represent the following 
expressions. 
(IV-10) '
(IV-11) 
(IV-12) 
(IV-13) 
3- X I ,  d, , 
(IV- 14) 
( IV- 15 ) 
(IV- 16) 
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-t x,, d, 7 
T h e  Symbols and e used i n  equat ions  ( I V - 1 1 )  t o  (IV-20) 
have t h e  r e l a t i o n s  def ined  below. 
j j 
(IV- 19) 
(IV- 2 0 )  
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I 
83 
l o  x 
. 
I 

85 
86 
. With the given data of the shell and rings and the assumed 
value of n, the h and e in equations (IV-21) and (IV-22) 
are calculated. 
(IV-11) to (IV-20). Then the collapse pressure q can be 
determined by solving the five equations in equations (IV-10) 
simultaneously. 
j j 
These values are substituted into equations 
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PART V 
EFFECT OF SURFACE SHEAR ON BUCKLING 
OF CYLINDRICAL SHELLS 
In this part, a thin-walled circular cylindrical shell 
is assumed to be under surface shear loading in the'longitudinal 
direction (Fig. V-1) . When the surface shear z varies with 
x only, the additional compression at one end of the cylinder 
is 
By the principle of superposition, the shear can 
be considered as a combination of two parts. From Fig. V-2, 
IZT = T, +- ra 
In the present case 
88 
The role O f r l  can be considered t h a t  of a body force component 
i n  the x d i r e c t i o n .  Hence, the equi l ibr ium c o n d i t i o n s  i n  the 
x and y d i r e c t i o n s  are, r e spec t ive ly ,  
The p o t e n t i a l  func t ion  V is i n t roduced  such tha t  
When equat ions  (V-4) are s u b s t i t u t e d  i n  equat ions  (V-3) and 
the terms due t o  large d e f l e c t i o n  i n  the r ad ia l  d i r e c t i o n  
a re  inc luded ,  the c m p a t i b i L i t y  equat ion  has the fol lowing 
form: 
07-41 
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In the above equation 
. 
J 
where ->, i s  Poisson's  ra t io ,  w the  rad ia l  d e f l e c t i o n ,  and 
2 v the  Laplacian operator. 
The s t r e s s  functions T(x, y )  are defined by 
From equations (V-7) and (V-5) ,  the compatibi l i ty  equation 
becomes 
I a ' w  
-731 
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The equilibrium condition in the radial direction and 
the equilibrium reLations of moments are found by modifying 
those given in [V-1) . These relations are: 
a w  
+ a q 3 7 = o  
. 
(v-10) 
(v-11) 
From equations (V-9) I (V-10) and (V-ll), the equilibrium 
equation can be expressed as: 
(v-12) 
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i The s o l u t i o n  can be found f r o m  coupl ing equat ion  (V-8) 
w i t h  equat ion  (V-12). It should be noted  t h a t  t h e s e  equa t ions  
are analogous t o  the thermoelas t ic  problems of t h i n  c y l i n d r i c a l  
shells. When the s h e a r  Tis cons tan t ,  when t h e  effect  due 
t o  T2 [see equat ion  (V-lOj) i s  neglec ted ,  and when the 
r ad ia l  d e f l e c t i o n  is s m a l l ,  t h e  problem becomes the one 
so lved  i n  [v-2 J . 
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